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Abstract 
Janowitz, M.F., A converse to the Sholander embedding, Discrete Mathematis 87 (1991) 
315-318. 
It is both a well-known and useful fact that every median semilattice M may be embedded 
into a distributive lattice D so that M is an order ideal of D, and every element of M is the join 
of finitely many elements of D. However, the converse of this assertion is false. The present 
paper establishes several sets of necessary and sufficient conditions for an order ideal of a 
distributive lattice to be a median semilattice. 
1. Some background material 
Median semilattices play an important role in the theory of consensus methods. 
For that reason, it is worthwhile to study their structure and especially methods of 
constructing them. Though we shall not attempt to present anything like a 
complete bibliography, we might suggest to the reader that further information 
about median semilattices can be obtained from [l-7] and the references 
contained therein. 
Definition 1. A median semilattice is a meet semilattice M such that: 
(i) every principal ideal (x] = {y :y G x} is a distributive lattice, and 
(ii) any three elements of M have an upper bound whenever each pair of them 
has an upper bound. 
Median semilattices are useful because they include many important types of 
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semilattice, thus providing a common setting for proving general results. Included 
among the examples are: weak orders on a set, hierarchical trees, tree 
semilattices, and the cliques of a finite graph (see [4] for further details). The 
so-called Sholunder embedding [8] described in Theorem 1 is a commonly used 
tool for working with these semilattices. 
Theorem 1 (Scholander). Every median semilattice M can be embedded in a 
distributive lattice L so that: 
(i) M is an order ideal of L, and 
(ii) each element of L is the join of finitely many elements of M. 
Thus every median semilattice is an order ideal of some distributive lattice. But 
not every order ideal of a distributive lattice forms a median semilattice. An easy 
example of this is provided by taking L to be the lattice of all subsets of a three 
element set S = {a, b, c}, and M to be L\S. Then any pair of elements of the set 
{{a>9 {b], {c>] h as an upper bound while these three elements have no common 
upper bound. The question we shall ask involves the converse of the Sholander 
embedding: Given an order ideal M of a bounded distributive lattice L, find 
necessary and sufficient conditions on M that will guarantee that it be a median 
semilattice. 
Before proceeding, we need to develop some terminology and notation. In 
order to avoid any possible confusion between the meet and join operations in M 
and L, we agree to use the symbols A and v in M with n and U reserved for L. 
It should be noted however that for a, b E M, a A b = a n b, and if a, b have a 
common upper bound in M, then a v b = a U b. To distinguish between intervals 
in L and M, we agree that for a, b E L with a c b, L[a, b] = {y: y E L, a <y c b}, 
while M[a, b] shall denote the corresponding interval in M. We agree further to 
call J an ideal of M in case J is an order ideal of M having the property that if 
X, y EJ then x v y exists and is a member of J, so in the finite case an ideal of M 
is necessarily principal in the sense that it is of the form M[O, m] for some m E M. 
2. Converse to the embedding 
We begin with the infinite case and then consider finite median semilattices. 
Theorem 2. Let M be an order ideal of the distributive lattice L. The following 
conditions are then equivalent: 
(i) M is a median semilattice. 
(ii) Given a, b E M, .Z(a, b) = {y : y E M, y 6 b and y v a exists} is an ideal of 
M. 
(iii) For a, b E M, the set L[a, a U b] is an ideal of M[a) = {x: x E M, x 2 a}. 
(iv) Zf a, b, c E M, then a Ll b = a U c in L implies the existence of b v c in M. 
Proof. (i) + (ii). Let s, t E .Z(a, b). Since s v t, s v a, t v a all exist, it follows that 
s v t v a must exist, so s v t E .Z(a, b). Note that .Z(a, b) is not empty because 
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a A b E J(u, b), and it is clearly an order ideal of M. It follows that it indeed is an 
ideal of M. 
(ii) I$ (iii). Take J(a, b) as it is defined in (ii), and set 
K(a, b) = {t v a: t EJ(~, b)}. 
It is evident that K(a, b) E M II L[a, a LJ b]. To obtain the reverse inclusion, let 
y E M with a =Z y =Z a U b. Working in L, we then have 
y=yn(uUb)=(ynu)U(ynb)=uU(yr\b)=uv(y/\b). 
This puts y A b EJ(u, b) and says that y E K(u, b). 
Finally, we must argue that K(u, 6) is an ideal of M[u). It clearly is contained in 
M[u). The fact that K(u, b) = M II L[ a, a U b] forces K(u, b) to be an order ideal 
of M[u). If for i = 1, 2 Wi =yi v u with yi EJ(u, b), we may use the fact that 
./(a, b) is an ideal to see that y, v y2 E J(u, b), so y1 v y2 v a exists. But this says 
that w1 v w2 exists and is a member of K(u, b). 
(iii) 4 (iv) Let a, b, c E M with a U b = a U c. Then by (iii), b, c E M II L[b A 
c, a U b] implies that b v c exists in M. 
(iv) + (i). It clearly suffices to show that for a, b, c E M, the existence of a v b, 
a v c, and b v c in M forces the existence of a v b v c. So with a, b, c as we just 
described, take d=avb, and note that dU(uvc)=dU(bvc)=uUbUc in 
L, so by (iv), we have the existence of (a v c) v (b v c) = a v b v c. 0 
For the situation where M is finite, this leads immediately to the following 
result. 
Theorem 3. Let M be an order ideal of the finite distributive lattice L. The 
following conditions are then equivalent: 
(i) M is a median semiluttice. 
(ii) Given a, b EM, {y EM: y < b, y v a exists} has a largest member. 
(iii) For any a, b E M, there corresponds an element ct E M with a 6 ti such that 
M n L[u, a Ll b] = M[u, a]. 
(iv) If a, b, c E M, then a U b = a U c in L implies the existence of b v c in M. 
(v) Let b, c be maximal elements of M fl L[d, t], where d E M, t E L and d <t. 
Zf there exists an element a of L such that a U b = a U c, then b = c. 
Proof. The equivalence of the first four conditions follows from finiteness and 
Theorem 2, and (iv) j ( v ts obvious. Consequently, we need only establish ) . 
(v) 3 (i). So let a, b, c E M with a v b, a v c, b v c all existing in M. We must 
establish the existence of a v b v c. Set d = a v b and note that if c G d, there is 
nothing to prove. Assuming then that c G d fails, we take m, m’ to be maximal 
elements of M n L[c, c U d]. Noting that m U d = m’ Ll d = c U d with d E M, we 
may apply (v) to deduce that m = m’. Thus M rl L[c, c U d] has a unique maximal 
element m. Noting that c s a v c G c U d, c s b v c CC U d, it follows that m is 
an upper bound for {a v c, b v c}, whence a v b v c exists in L. Hence M is a 
median semilattice. Cl 
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An order ideal of a finite lattice L is the union of finitely many maximal 
principal ideals of L. It is possible to characterize median semilattices in terms of 
the maximal ideals of its Sholander embedding. 
Theorem 4. For M an order ideal of a finite distributive lattice L, the following 
conditions are equivalent: 
(i) M is a median semilattice. 
(ii) For a, b E M with a v b not existing, {a A m: m 2 b, m maximal in M} has 
a largest member. 
(iii) For a, b EM with a maximal and a 2 b not true, {a A m: m 2 b, m 
maximal in M} has a largest member. 
(iv) Given any three maximal elements m, n, p of M, there corresponds a 
maximal element q that is an upper bound for (m A n, m A p, n A p}. 
Proof. (i) j (ii). Let a, b E M with a v b not existing. By Theorem 3 (iii), there is 
an element 6 EM such that b c 6 and M n L[b, a Ll b] = M[b, 61. Let d 3 6 be a 
maximal element of M and set e = a A d. Then for every maximal element m of M 
such that msb, we have bS(mAa)vb~aL_lb, so (mAa)vbSbSd. It 
follows that m A a S d A a = e, thus establishing (ii). 
(ii) j (iii). Is clear. 
(iii)+(i). In view of Theorem 3, it suffices to prove that if a, b E M and a v b 
does not exist, then there is a largest element a0 < a such that a0 v b exists. Let 
{ 
{%:I ab2,: : : : 
a,} be the set of maximal elements of M that lie above a, and let 
b,} be the corresponding set for b. For i = 1,2, . . . , s apply (iii) to 
the pair {ai, b} to find the largest element ci of the form ai A bj. Take 
a0 = /jici S a, and note that b, is an upper bound for {a”, b}, so a0 v b exists. 
Furthermore, if x E M, x s a with x v b existing, there then exists an index j such 
that x v b s bi. Also, x s ai for all i, so that x s /jici = a’. 
The equivalence of (i) and (iv) is trivial. 0 
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